Derived decompositions of abelian categories are introduced in terms of abelian subcategories to construct semi-orthogonal decompositions of (bounded) derived categories of abelian categories. A concise criterion is presented for abelian categories with enough projectives and injectives to have such derived decompositions. The criterion is given in internal terms of abelian categories and turns out to be applicable to a wide variety of situations for module categories of rings, including localizing subcategories, homological ring epimorphisms, commutative noetherian rings and nonsingular rings. Moreover, for commutative noetherian rings of Krull dimension at most 1, a derived stratification by derived categories of abelian categories is deduced from the criterion.
Introduction
Semi-orthogonal decompositions have been applied in a number of branches of mathematics. For example, in algebraic geometry semi-orthogonal decompositions were used to study Fourier-Mukai transforms on derived categories of coherent sheaves of smooth projective varieties (see [15, Chapter 11] , [6] ) and to glue stability conditions (see [8] ), while in homotopy and triangulated categories semi-orthogonal decompositions were named as hereditary torsion pairs (see [4] ) or as Bousfield localizations ([20, Section 9.1]) and applied to get t-structures of triangulated categories (see [3, 8] ). However, the following fundamental question seems to remain:
Given an abelian category A, how can we construct semi-orthogonal decompositions for the bounded derived category D b (A) of A?
By definition, semi-orthogonal decompositions are defined at the level of derived categories instead of at the level of given abelian categories themselves. To have a concise construction of semi-orthogonal decompositions directly from abelian categories, we introduce the notion of derived decompositions of abelian categories. In this note we present a characterization of derived decompositions (thus also semi-orthogonal decompositions) in entirely internal terms of conditions on subcategories of given abelian categories, instead of the ones of derived categories (see Definition 2.1). This result is applied explicitly to a wide variety of situations for module categories, including homological ring epimorphisms, localizing subcategories and commutative noetherian rings. Particularly, we show that a commutative noetherian ring of Krull dimension at most 1 has a derived stratification with abelian simple factors (see Section 2.2 for definition). In general, the bounded derived module category of an indecomposable commutative ring may not have non-trivial stratification by bounded derived module categories of rings (see [1] ). Compared with this phenomenon, the notion of derived decompositions may be of interest for stratifying bounded derived categories of rings by bounded derived categories of abelian categories.
Our main result reads as follows. Be aware that the condition (1) in Theorem 1.2 were used in [17] to study the telescope conjecture for hereditary rings. As a consequence of Theorem 1.2, we construct derived decompositions of module categories from homological ring epimorphisms. 
For further applications of derived decompositions to localizing subcategories, commutative noetherian rings and nonsingular rings, we refer to Proposition 4.10, Corollary 4.11 and Corollary 4.16, respectively. For a commutative noetherian ring of Krull dimension at most 1, Corollary 4.17 shows that a derived stratification by derived categories of abelian categories always exists.
The article is outlined as follows: In Section 2 we fix notation and recall definitions needed in proofs. In Section 3 we first establish relationships between semi-orthogonal decompositions and derived decompositions introduced in this paper. We then prove the main result, Theorem 1.2. In section 4 we provide several methods to construct derived decompositions of module categories from various aspects: ring epimorphisms, localizing subcategories, commutative noetherian rings and nonsingular rings. Particularly, we show a strong conclusion that commutative noetherian rings of Krull dimension at most 1 admit derived stratifications, while for indecomposable commutative rings their bounded derived module categories never have non-trivial stratification by bounded derived module categories of rings (see [1] ).
In the second paper we shall give a series of applications of derived decompositions. In particular, we construct complete cotorsion pairs from derived decompositions.
Notation and definitions
In this section, we first fix some notation and recall definitions of semi-orthogonal decompositions, cotorsion pairs and complete Ext-orthogonal pairs.
Notation for derived categories
Let A be an additive category.
A full subcategory B of A is always assumed to be closed under isomorphisms. For an object X ∈ A, add(X ) (respectively, Add(X )) denotes the full subcategory of A consisting of all direct summands of finite (respectively, arbitrary) coproducts of copies of X (if arbitrary coproducts exist).
Let F : A → A ′ be an additive functor from A to another additive category A ′ . The kernel and image of F are defined as Ker(F) := {X ∈ A | FX ≃ 0} and Im(F) := {Y ∈ A ′ | ∃ X ∈ A, FX ≃ Y }, respectively. Let f : X → Y be a morphism in A. The kernel, image and cokernel of f , whenever they exist, will be denoted by Ker( f ), Im( f ) and Coker( f ), respectively. By a complex X • over A we mean a sequence of morphisms d i between objects
with the i-th differential (−1) n d n+i , and by H n (X • ) the n-th cohomology of X • .
Let C (A) be the category of all complexes over A with chain maps as morphisms, and K (A) the homotopy category of C (A). We denote by C b (A) and K b (A) the bounded complex and homotopy categoires of A, respectively.
From now on, let A be an abelian category. By D(A) and D b (A) we denote the derived and bounded derived categories of A, respectively. Throughout the paper, we always identify D b (A) with the full subcategory of D(A) consisting of all complexes with finitely many non-zero cohomologies, because they are equivalent as triangulated categories.
For any X ,Y ∈ A and i ∈ Z, we write Ext [16, XI] for details).
The following facts are standard.
(1) Suppose that A has enough projectives with P(A) the category of all projective objects of A. Further, let K −,b (P(A)) be the full subcategory of K (A) consisting of bounded-above complexes with all terms in P(A) and with finitely many non-zero cohomologies. Then there is a triangle equivalence between K −,b (P(A)) and D b (A). In this case, Ext i A (X ,Y ) is isomorphic to the usual i-th extension group of X and Y , defined by projective resolutions of X .
(2) Dually, suppose that A has enough injectives with I (A) the category of all injective objects of A. A full subcategory B of A is called an abelian subcategory of A if B is an abelian category and the inclusion B → A is an exact functor between abelian categories. This is equivalent to saying that B is closed under taking kernels and cokernels in A. The full subcategories {0} and A are called the trivial abelian subcategories of A.
For n ∈ N and a full subcategory B of A, we define the full subcategories of A:
Similarly, B ⊥n , B ⊥>n and B ⊥ are defined. Recall that ⊥ B is said to be left perpendicular to B in A, while B ⊥ is said to be right perpendicular to B in A (see [13] ).
Let F : A → A ′ be an exact functor of abelian categories. Then F induces derived functors D(F) :
By a ring we mean an associative ring R with identity. We denote by R-Mod the category of all unitary left R-modules. For an R-module M, we denote by proj.dim( R M), inj.dim( R M) and flat.dim( R M) the projective, injective and flat dimensions of M, respectively. As usual, we simply write C (R), K (R) and D(R) for the complex, homotopy and derived categories of R-Mod, respectively.
Let λ : R → S be a homomorphism of rings. We denote by λ * : S-Mod → R-Mod the restriction functor induced by λ, and by D(λ * ) : D(S) → D(R) the derived functor of λ * . If λ * is fully faithful, then λ is called a ring epimorphism. If further D(λ * ) is fully faithful, then λ is said to be homological. Note that λ is a homological ring epimorphism if and only if the multiplication S ⊗ R S → S is an isomorphism and Tor R n (S, S) = 0 for all n ≥ 1 (see [13, Theorem 4.4] ). In this case, we always identify S-Mod with Im(λ * ), and D(S) with Im(D(λ * )).
Semi-orthogonal decompositions of triangulated categories
Now, we recall the definition of semi-orthogonal decompositions of triangulated categories. This terminology is often used in algebraic geometry (for example, see [15, 8] Remark that Definition 2.1 is weaker than the one given in [2, 15, 22] because in general neither i has a left adjoint, nor j has a right adjoint. But, if i does have a left adjoint (or equivalently, L has a fully faithful left adjoint), then the half recollement can be completed to a recollement among triangulated categories X , D and Y (with six functors involved) in the sense of Beilinson, Bernstein and Deligne (see [3] for definition).
Now we restate Definition 1.1 in a slightly general way. 
induced from i and j are fully faithful.
Clearly, (D1) implies that both i and j are fully faithful. So the images of i and j are abelian full subcategories of X and Y , respectively. When X and Y are abelian full subcategories of A with canonical inclusions i and j, the condition (D2) ′ in Definition 2.2 is equivalent to the conditions (D2) and (D3) in Definition 1.1. In this special case, the pair 
where i and j are the canonical inclusions of X and Y into A, respectively, and where p and q are compositions of the canonical quotient functors with an equivalence functor, respectively.
If A does not have any non-trivial derived decompositions, then A is said to be abelian simple. As in [1] for triangulated categories, we introduce similarly the notion of derived stratifications.
Definition 2.3.
A derived stratification of A is a sequence of derived decompositions:
derived decompositions of X i j with 0 ≤ i, j ≤ 1 if X i j are not abelian simple. Continuing this procedure of decompositions, until one arrives at all derived factors being abelian simple. This procedure may continue to infinitum.
All the abelian simple categories appearing in this procedure are called composition factors of the stratification. The cardinality of the set of all composition factors (counting the multiplicity) is called the length of the stratification. If this procedure stops after finitely many steps, we say that this stratification is finite or of finite length.
Ext-orthogonal pairs and cotorsion pairs in abelian categories
Derived decompositions of abelian categories are associated with both complete cotorsion pairs and complete Ext-orthogonal pairs in abelian categories. The notion of complete cotorsion pairs is very classical and has been widely applied to relative homological algebra and generalized tilting theory (see [9, 4, 14] ), while the notion of complete Ext-orthogonal pairs seems only to be employed in dealing with the telescope conjecture for hereditary rings (see [18] ). We will show in the next section that the latter may be useful in derived decompositions. Let A be an abelian category, and let X and Y be full subcategories of A.
and complete Ext-orthogonal in A if it is Ext-orthogonal and satisfies the gluing condition:
(GC): For each object M ∈ A, there exists a five-term exact sequence in A
Ext-orthogonal pairs have the following properties. 
(1) There are isomorphisms of abelian groups for all X ∈ X and Y ∈ Y :
Derived decompositions of abelian categories
In this section we will prove Theorem 1.2. In the course of the proof, we show that a complete Ext-orthogonal pair is a derived decomposition if and only if the five-term exact sequences for both projective and injective objects are reduced to four terms.
Complete Ext-orthogonal pairs and derived decompositions, both are defined at the level of abelian categories. But the latter reflect information on bounded derived categories of abelian categories. This suggests that derived decompositions might imply complete Ext-orthogonal pairs. In the following we will show this implication.
Lemma 3.1. Let A be an abelian category, and let X and Y be full subcategories of A.
(3) Both X and Y are abelian subcategories of A. It is easy to see that X is closed under extensions, kernels of epimorphisms and cokernels of monomorphisms in A. Thus X is an abelian subcategory of A if and only if X is closed under cokernels (or equivalently, kernels) in A. In the following, we show that X is closed under cokernels in A.
Let f : M → N be a morphism in A with M, N ∈ X . Then there is a canonical four-term exact sequence
On the one hand, from M, N ∈ X ⊆ ⊥0 Y and the fact that ⊥0 Y is closed under quotients in A, it follows that both Im( f ) and Coker( f ) lies in ⊥0 Y . On the other hand, for Y ∈ Y , by applying Hom A (−,Y ) to the short exact sequence 0
Moreover, by the definition of semi-orthogonal decompositions, for each M ∈ A, there is a triangle
By taking cohomologies on this triangle, one gets the following long exact sequence in A:
Recall that X and Y are abelian subcategories of A.
Thus the pair (X , Y ) satisfies the complete condition. Now, it follows from Lemma 3.1(2) that (X , Y ) is a complete Ext-orthogonal pair in A.
Having shown that derived decompositions are complete Ext-orthogonal pairs, we now consider the converse question:
Given a complete Ext-orthogonal pair (X , Y ) in an abelian category A, when is it a derived decomposition of A?
In the rest of this section, we assume that A is an abelian category and (X , Y ) is a complete Extorthogonal pair in A.
For each M ∈ A, we fix an exact sequence in A ( * )
By Lemma 3.1, both X and Y are abelian subcategories of A closed under direct summands. Let i : X → A and j : Y → A be the canonical inclusions. Then i and j are exact functors. Moreover, i has a right adjoint r : A → X and j has a left adjoint ℓ : A → Y , which are defined as follows (see Lemma 2.5 for notation):
For each M ∈ A and for a morphism f : M → N in A,
Associated with (i, r), the unit adjunction of X ∈ X is given by the inverse of the isomorphism ε −1
and the counit adjunction of M ∈ A is given by ε
Similarly, the unit and counit adjunctions associated with (ℓ, j) can be defined by ε 0 M . Now, we can form the following diagram of abelian categories with functors:
where r is left exact and ℓ is right exact. In general, neither r nor ℓ is necessarily exact. So (♯) may be neither a localization sequence nor a colocalization sequence of abelian categories. Particularly, it may not be completed into a recollement of abelian categories. However, since i and j are exact, they induce derived functors between bounded derived categories:
With the notation in (♯) , the sequence ( * ) can be rewritten as follows:
(1) There is a long exact sequence of extension groups:
where n ∈ Z.
Proof. The sequence in (1) follows from applying Ext n A (−, N) for N ∈ Y to ε M and the fact that r(M) = X M , X M ∈ X and X = ⊥ Y , while (2) and (3) follow from (1).
From Lemma 3.3, we have the following result.
Corollary 3.4. Assume that A has enough projectives. Let P ∈ P(A) and N ∈ Y .
(1) ℓ(P) ∈ ⊥1 Y and Ext
(2) ℓ(P) ∈ ⊥>0 Y if and only if Y P = 0.
We need the following result from [13, Proposition 4.3] .
Lemma 3.5. Let B be an abelian full subcategory of A and let λ : B → A be the inclusion. Then
is fully faithful if and only if for any X ,Y ∈ B and for any n ∈ N, the homomorphism
The following result is implied by Lemmas 3.3(1) and 3.5, and will be used in Section 4. Its proof is left to the reader.
for any M ∈ A and n ≥ 2.
Lemma 3.7. Let B be an abelian full subcategory of A.
( 
(2) If A has enough injectives, then so does X . Furthermore, I (X ) = add {r(I) | I ∈ I (A)} .
Proof. We only show (1), while (2) can be proved dually. Since (ℓ, j) is an adjoint pair and j is exact, ℓ is right exact and preserves projective objects. This means ℓ(P) ∈ P(Y ) for any P ∈ P(A). Given any object Y ∈ Y , since A has enough projectives, there exists an epimorphism π : Q → j(Y ) in A with Q ∈ P(A). This gives rise to another epimorphism ℓ(π) :
The next result characterizes when D b (i) and D b ( j) are fully faithful.
is fully faithful if and only if Y P = 0 for any object P ∈ P(A).
is fully faithful if and only if X I = 0 for any object I ∈ I (A).
Proof. We show (1) by Lemma 3.7(1). Dually, (2) can be proved by Lemma 3.7(2).
By Lemmas 3.8(1) and 3.7(1), the functor D b ( j) is fully faithful if and only if ℓ(P) ∈ ⊥>0 Y for all P ∈ P(A). But the latter is equivalent to Y P = 0 by Corollary 3.4(2). Thus (1) holds. 
Suppose that A has enough projectives. Then the localization functor K (A) → D(A) induces a triangle
is identified with the full triangulated subcategory of D(A) consisting of complexes with finitely many non-zero cohomologies. So there exists an object
Since (X , Y ) is a complete Ext-orthogonal pair in A, it follows from Lemma 2.5(2) that each morphism f : M → N in A extends uniquely to a morphism ε f : ε M → ε N of exact sequences (see Lemma 2.5 for notation). Applying this to the differentials of P • , we obtain a long exact sequence in C (A):
are fully faithful, Y P = 0 for any P ∈ P(A) by Lemma 3.9(1). Thus Y P • = (Y P i ) i∈Z = 0 and the exact sequence ε P • is of the form:
and there is a distinguished triangle in D(A):
Since P • ∈ K −,b (P(A)), there is an integer s such that H t (P • ) = 0 for all t ≤ s + 1. Taking cohomologies of the above triangle, we get
On the one hand, as Y P • ∈ C − (Y ) and Y is an abelian subcategory of A, one has H m (Y P • ) ∈ Y for all m ∈ Z. On the other hand, we will show H m (Z • ) ∈ X .
In fact, if W • is the image of ε 0 P • , then ε 0 P • is the composition of the canonical projection u : P • → W • and inclusion v : W • → Y P • . Hence we get three triangles
Now it follows from the octahedral axiom of triangulated categories that there exists a distinguished triangle
in D(A). By taking cohomologies of this triangle, one has a long exact sequence in A:
Consequently, both Y P • and Z • have finitely many non-zero cohomologies. Thus there are U • ∈ C b (X ) and
Dually, Lemma 3.10 holds when A has enough injectives.
Proof of
. This implies (D2) and (D3). Thus (X , Y ) is a derived decomposition of A. 
where R b (r) and L b (ℓ) denote the bounded total right and left derived functors of r and ℓ, respectively.
Finally, we present a version for unbounded derived categories to have semi-orthogonal decompositions. First, we recall the following definition. 
D(A). If U is closed under coproducts (or products) in D(
is a semi-orthogonal decomposition of D(A), it suffices to prove that there exists a distinguished triangle in D(A) for any M • ∈ D(A):
The proof of this statement is similar to that of Lemma 3.10, so we just include a sketch here.
Since A satisfies AB4 and has enough projective objects, it follows from the dual of [5, Application 2.4] that there exists a complex P • ∈ C (P(A)) such that P • ≃ M • in D(A). By Lemma 2.5(2), there is an exact sequence in C (A):
is also fully faithful. By Lemma 3.9(1), Y P • = 0. Thus ε P • is of the form:
Let Z • be the mapping cone of the chain map ε 0 P • . Then there are two distinguished triangles in D(A):
Recall that D(X ) is a full triangulated subcategory of D(A). Since both X P • and X P • belong to D(X ), the latter triangle implies
Constructions of derived decompositions
This section will furnish several methods to construct derived decompositions of abelian categories. We first show that homological ring epimorphisms can provide derived decompositions (see Proposition 4.1). Further, we show that localizing subcategories and right perpendicular subcategories in an abelian category can also provide derived decompositions (see Proposition 4.10). As applications we obtain derived decompositions of module categories over left nonsingular rings and commutative noetherian rings (see Corollaries 4.11 and 4.15). Moreover, our construction establishes a derived stratification of the module category of a commutative ring with the Krull dimension at most one (see Corollary 4.17).
Homological ring epimorphisms
In this subsection we construct derived decompositions from homological ring epimorphisms and meantime show how to get recollements and derived equivalences from the constructed decompositions (see Corollary 4.4). Proof.
(1) Since λ is a ring epimorphism, the restriction functor λ * : X → A is fully faithful. So, we identify X with the image of λ * . Further, since λ is homological, the derived functor
is fully faithful. Note that S S ∈ P(X ). If (X , Y ) is a complete Ext-orthogonal pair in A, then proj.dim( R S) ≤ 1 by Corollary 3.6(2). This shows the necessity of (1).
To show the sufficiency of (1), we assume proj.dim( R S) ≤ 1. Then Y = S ⊥ . It follows from [13, Proposition 1.1] that Y is an abelian full subcategory of A. Since ⊥ Y contains R S and is closed under direct sums in A, it must contain all projective S-modules. Moreover, each object of X admits a projective resolution by projective S-modules. Consequently, for any X ∈ X , Y ∈ Y and n ∈ N,
where Ω n S (X ) denotes an n-th syzygy module of S X . This implies X ⊆ ⊥ Y . By Lemma 3.1(2), to show (1), it suffices to prove that (X , Y ) satisfies (GC).
Taking cohomologies on the triangle ( †) yields an exact sequence of R-modules:
where M is identified with Hom R (R, M). Clearly, both Hom R (S, M) and Ext 1 R (S, M) belong to X . Further, since proj.dim( R S) ≤ 1, the R-module S is isomorphic in D(R) to a two-term complex of projective Rmodules. By [7, Lemma 3.4 
. This shows the sufficiency of (1). Proof. The proof of this result is similar to the one of Proposition 4.1. For the convenience of the reader, we list some key points in the proof.
Let J := Hom Z (S S , Q/Z). Then J is an injective cogenerator in S-Mod. Further, inj.dim( R J) = flat.dim(S R ) because a right R-module N is flat if and only if R Hom Z (N, Q/Z) is injective. So the necessity of (1) follows from Corollary 3.6(1). With flat.dim(S R ) ≤ 1, the following statements hold:
(1) Z is abelian full subcategory of A.
(3) For any M ∈ A, there is an exact sequence of R-modules: 
Proof. Let λ : R → S := Φ −1 R be the localization of R at Φ. Then S is commutative and flat as an R-module, and therefore λ is a homological ring epimorphism. By Proposition 4.2(2), it suffices to show Coker(λ) ⊗ R I = 0 (or equivalently, λ ⊗ R I is surjective) for any injective R-module I.
Since R is a commutative noetherian ring, each injective R-module is a direct sum of indecomposable injective R-modules (see [9, Theorem 3.3.10] ). So we only need to check the surjection of λ ⊗ R I whenever I is indecomposable. By [9, Theorem 3.3.7] , there is a prime ideal p of R such that I is isomorphic to the injective envelope E(R/p) of the R-module R/p. Moreover, by [9, Theorem 3.3.8(6) 
This implies that λ ⊗ R E(R/p) is always surjective, and therefore λ ⊗ R I is surjective. Thus Corollary 4.3 follows from Proposition 4.2(2).
Next, we show that the derived decompositions in Propositions 4.1 and 4.2 provide also half recollements of bounded derived categories.
Let λ : R → S be a homological ring epimorphism. Denote by Q • the complex 0 → R λ −→ S → 0 of R-R-bimodules with R and S in degrees −1 and 0, respectively. Let
and let Tria( R Q • ) be the smallest full triangulated subcategory of D(R) containing Q • and being closed under direct sums. Then (F, G) is an adjoint pair of triangle functors and the restriction of G to Tria( R Q • ) is fully faithful (see [21, Section 4] ). In the case of Proposition 4.1(2), there is a half recollement of bounded derived categories:
where ℓ : R-Mod → Y is a left adjoint of the inclusion j : Y → R-Mod. We claim that ℓ is the composition of the functors:
In fact, there is a canonical distinguished triangle
This induces a sequence of triangle functors from D(R) to D(R)
such that their operations on a fixed object in D(R) yield a distinguished triangle in D(R). Clearly, the functor RHom R (R, −) can be identified with the identity functor of D(R) up to natural isomorphism. Now, we can choose the complex Y • M in the proof of Proposition 4.1(1) to be G(M). In particular, for each R-module M, taking cohomologies on the above sequence produces a long exact sequence of R-modules:
Similarly, in the case of Proposition 4.2(2), we obtain a half recollement of bounded derived categories:
M ∈ R-Mod, the associated five-term exact sequence of R-modules is given by
Now, the following result, which supplies a construction of recollements and triangle equivalences of bounded derived categories, follows immediately from Propositions 4.1(2) and 4.2(2). Then (1) there is a recollement of bounded derived categories of abelian categories:
Remark 4.5. Suppose that λ : R → S is the localization of a commutative noetherian ring R at a multiplicative subset Φ. If λ is injective and proj.dim( R S) ≤ 1, then λ satisfies all the assumptions of Corollary 4.4. For example, R is a 1-Gorenstein ring (that is, a commutative noetherian ring such that the injective dimension of R is at most 1) and Φ is the set of all non-zero divisors of R. Then λ is always injective, and R S is flat, injective and of projective dimension at most 1. An example is the inclusion Z ⊆ Q. Thus there is a recollement
Now, we consider when Y in Corollary 4.4 can be realized as some module category of a ring.
Let S ′ := End D(R) (Q • ) and define λ ′ : R → S ′ by r → f • for r ∈ R, where f • is the chain map with f −1 := ·r, f 0 := ·(r)λ and f i = 0 for i = 0, −1. Here, · r stands for the right multiplication map by r. These data can be recorded in the commutative diagram:
The map λ ′ is called the ring homomorphism associated to λ. If λ is injective, then we identify Q • with S/R in D(R), and λ ′ with the map R → End R (S/R) induced by right multiplication (see [13, 7] ).
Corollary 4.6. Let λ : R → S be a homological ring epimorphism such that Hom R (Coker(λ), Ker(λ)) = 0.
Suppose that R S is finitely presented and proj.dim( R S) ≤ 1. Then (1) the map λ ′ : R → S ′ is a homological ring epimorphism and the restriction functor λ ′ * :
(2) The module S ′ R is finitely presented and proj.dim(
we then obtain the homomorphisms of R-modules:
where Q • is a complex of R-R-bimodules and S ′ is regarded as an R-module via λ ′ . We can check that the composition of the above homomorphisms coincides with
, we conclude from the construction of the functor ℓ :
is an isomorphism as abelian groups for any Y ∈ Y . Since R S is finitely presented and proj.dim( R S) ≤ 1, the subcategory Y is closed under direct sums in R-Mod. Recall that ℓ is a left adjoint of the inclusion j :
. Then, by [13, Proposition 3.8] , there is a ring epimorphism µ : R → Λ such that the restriction functor µ * : Λ-Mod → R-Mod induces an equivalence of abelian categories:
and µ is also a Y -coreflection of R R. By the uniqueness of coreflections, there is an isomorphism
Now, we claim that φ is a ring isomorphism. It is enough to check that φ preserves multiplication. We take b ∈ Λ and define the two homomorphisms of R-modules: 
Since proj.dim( R S) ≤ 1, H n (RHom R (S, M)) = 0 for any n = 0, 1. This implies Tor R is finitely presented. So there is a short exact sequence 0 → F 1 → F 0 → S ′ → 0 of R op -modules such that F 0 is projective and finitely generated. Further, the case m = 1 implies that F 1 is finitely presented. Since flat.dim(S ′ R ) ≤ 1, the module F 1 is flat. However, each finitely presented flat module is projective (see, for example, [9, Proposition 3.2.12]). Thus F 1 is projective and finitely generated. This shows that S ′ R is finitely presented and proj.dim(S ′ R ) ≤ 1.
Localizing subcategories
In this subsection, we construct derived decompositions from localizing subcategories.
Let A be an abelian category and X be a full subcategory of A. We say that X is a Serre subcategory if it is closed under subobjects, quotients and extensions. In particular, X is an abelian subcategory of A, and the quotient category A/X (in the sense of Gabriel, Grothendieck, Serre) is defined by inverting all these morphisms in A that have kernels and cokernels in X . The quotient category has the same objects as A and is again an abelian category. Moreover, there is a canonical exact functor q : A → A/X (called the quotient functor) such that the kernel of q is exactly X .
A Serre subcategory X of A is called a localizing subcategory of A if q has a right adjoint s : A/X → A (called the section functor). This is equivalent to saying that q restricts to an equivalence of additive categories from X ⊥0,1 := X ⊥0 ∩ X ⊥1 to A/X (see [11, Chap. III.2] and [13, Proposition 2.2]). In this case, X = ⊥0,1 (X ⊥0,1 ). In general, X ⊥0,1 is closed under extensions and kernels in A (see, for example, [13, Proposition 1.1]). However, it does not have to be an abelian subcategory of A.
If A is a Grothendieck category (that is, an ableian category with a generator and coproducts such that direct limits of exact sequences are exact), then a Serre subcategory of A is localizing if and only if it is closed under coproducts in A (see [13, Proposition 2.5] ). Proof. Since X is a localizing subcategory of A, it follows from [13, Proposition 2.2] that, for each object M ∈ A, there is an exact sequence 0 
which is sent to δ by taking the push-out of (g, d −1 ). This also provides an associated morphism h :
is a quasi-isomorphism, and therefore the composition of f • with the inclusion τ ≤0 (M • ) → M • is a quasi-isomorphism. Since X is an abelian full subcategory of A and is closed under extensions, we have Lemma 4.9. Suppose that A is an abelian category such that each object of A has an injective envelope. Let X be a Serre subcategory of A. Define E := X ⊥0 ∩ I (A). Then X ⊥ (respectively, X ⊥0,1 ) consists of all objects M which has a minimal injective resolution
Recall that Ext
Proof. We first prove that X ⊥0 is closed under injective envelope in A, that is, if Z ∈ X ⊥0 , then the injective envelope E(Z) of Z belongs to X ⊥0 .
Let Z ∈ X ⊥0 and assume contrarily that there is a nonzero morphism f : X → E(Z) in A for some X ∈ X .
Then Im( f ) = 0 and there is a monomorphism g : Im( f ) → E(Z). Let h : Z → E(Z) be an injective envelope of Z. Taking the pull-back of (g, h) yields another two monomorphisms K → Z and K → Im( f ) in A. As E(Z) is the injective envelope of Z, we have K = 0. By assumption, X is closed under subobjects and quotients. Hence, with X also Im( f ) and K lie in X . It follows from Z ∈ X ⊥0 that K = 0, a contradiction. This shows E(Z) ∈ X ⊥0 . Hence X ⊥0 is closed under injective envelope in A.
If Z ∈ X ⊥0 , then E(Z) ∈ E. Moreover, there are inclusions of categories: E ⊆ X ⊥ ⊆ X ⊥0,1 ⊆ A. Recall that X ⊥ is closed under extensions, kernels of epimorphisms and cokernels of monomorphisms in A, and that X ⊥0,1 is closed under extensions and kernels in A. Now, it is easy to verify Lemma 4.9.
The following result furnishes a way to get derived decompositions from localizing subcategories. Proposition 4.10. Let A be an abelian category such that each of its objects has an injective envelope. If X is a localizing subcategory of A with Y := X ⊥ , then the following statements are equivalent:
(1) (X , Y ) is a derived decomposition of A.
(2) Each morphism I 0 → I 1 between injective objects in A with I 1 ∈ Y can be completed to an exact sequence I 0 → I 1 → I 2 such that I 2 is injective and I 2 ∈ Y .
(3) The image of each morphism from an injective object in A to an object in Y belongs to Y .
Proof. Since X is a localizing subcategory of A, the proof of Lemma 4.7 (1) shows that the five-term exact sequence associated with an object M ∈ A becomes 0 −→ r(M)
with r(M), X M ∈ X and ℓ(M) ∈ X ⊥0,1 .
(1) ⇒ (2): Since A has enough injectives and
is fully faithful, we see from 
In fact, given an injective object I of A, since ℓ(I) ∈ Y , the assertion (3) implies that the image of 
Nonsingular rings and commutative noetherian rings
In this section we will construct derived decomposition by applying Proposition 4.10 to localizing subcategories of the module categories of left nonsingular rings and commutative noetherian rings, respectively. First, we consider the case of left nonsingular rings (see [12, Chapter 1] ). Let R be a ring and M be an R-module with a submodule N. Recall that M is an essential extension of N (or N is an essential submodule of M) if every nonzero submodule of M has nonzero intersection with N. Recall that the injective envelope of N is just an essential extension M of N with M an injective module. As before, M is denoted by E(N). The set of all essential submodules of R R is denoted by S (R). A class U of R-modules is said to be closed under essential extensions in R-Mod provided that M ∈ U whenever M is an essential extension of a module N ∈ U.
For an R-module M, we define Z(M) := {x ∈ M | Ix = 0 for some I ∈ S (R)}. This is a submodule of M and called the singular submodule of M. The module M is called a singular module if Z(M) = M; and a nonsingular module if Z(M) = 0. The ring R is said to be left nonsingular if R R is a nonsingular module. Examples of left nonsingular rings include left semi-hereditary rings, direct products of integral domains, semiprime left Goldie rings and commutative semiprime rings (see [12] for more examples).
If (X , Y ) is a derived decomposition of R-Mod, then Y is an abelian full subcategory of R-Mod and closed under both extensions and direct sums. In this case, Φ c is coherent. This shows the necessity of Corollary 4.15.
In the following, we show the sufficiency of the condition in Corollary 4.15. Suppose that Φ c is coherent.
Let f : I 0 → I 1 be a homomorphism between injective R-modules with I 1 ∈ Y . By Proposition 4.10, we need to extend f to an exact sequence I 0 → I 1 → I 2 in R-Mod with I 2 ∈ E. This can be done if I 0 ∈ E since Φ c is coherent. For the general case, we decompose I 0 into a direct sum of indecomposable injective modules.
Recall that {E(R/p) | p ∈ Spec(R)} is a complete set of isomorphism classes of indecomposable injective R-modules and that Ass(E(R/p)) = Supp(E(R/p)) = {p}. Consequently, E(R/p) belongs to either X or Y . This yields a decomposition I 0 = X ⊕ Y with X ∈ X and Y ∈ Y . Since Hom R (X , I 1 ) = 0, f = (0, g), where g : Y → I 1 is the restriction of f to Y . Clearly, g is a homomorphism between modules in E. Now, we first extend g, and then f to an exact sequence I 0 → I 1 → I 2 in R-Mod with I 2 ∈ E. Thus (X , Y ) is a derived decomposition of R-Mod. exact, S is a flat R-module. Thus λ is a flat ring epimorphism. Consequently, S is also a commutative noetherian ring. So, we can apply Corollary 4.15 (for example, via localizations) again to S and obtain a derived decomposition of S-Mod. By iterating this procedure, R-Mod can be decomposed via a sequence of derived decompositions of module categories over commutative rings. In particular, when the Krull dimension of R is at most 1, a derived stratification (see Definition 2.3) of R-Mod can be constructed explicitly.
Corollary 4.17. Suppose that R is a commutative noetherian ring of Krull dimension at most 1. Let Max(R) be the set of maximal ideals of R and let Min(R) be the set of prime ideals of R which are not maximal.
(1) The pair Supp −1 (Max(R)), Supp −1 (Min(R)) is a derived decomposition of R-Mod. Proof.
(1) Clearly, Max(R) is a specialization closed subset of Spec(R). Since the Krull dimension of R is at most 1, the statement (1) follows from Corollary 4.16 (1) .
(2) To show the equivalences, we first establish the following general result:
